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Multilinear singular integrals
by
JONATHAN COHEN (Athens, Ga.)
Abstract. This paper uses Fourier Transform and Mellin Transform analysis
to obtain L? estimates for certain multilinear singular integrals. The results obtained

here extend estimates by Calderén, Coifman and Meyer on commutators of singular
integrals to a wider class of multilinear singular integrals.

§ 1. Introduction. In this paper sharp estimates are obtained for
operators of the type:

: ', (Ah Z, Y) f(y)
(1) P fn{ (o —y)™ }m—y @
where
1

AP (y) (@ ~y)*

Timg (433 @, ) = 4y(2) -

k=1
These operators are related to those introduced by Calderén in [2] and
[3] and studied by Coifman and Meyer in [5], [6] and [7]. We will some-

times denote these operators by DVH( H Tom;(Ay5 @, )f(: )} where DVH

" is the Hilbert transform followed by the nth derivative. (The reason for
this notation will become apparent in §3.)

The operators studied in this paper arise naturally from the study
of higher commutators of differential and pseudo-differential operators.
The simplest case is the commutator [4, DY H] where A is pointwise
multiplication by the function A (x). It has been shown by Calderén
[3] that this commutator can be written as the sum of pseudo-differential
operators of degree less than or equal to N —1 plus an operator of the
type studied in this paper.

One can show that higher commutators of the form [4,, ..., [4,, DYH]

. ] can be written as the sum of pseudo-differential operators of degree
less than or equal to N —n plus the sum of operators of the type con-
sidered in this paper. One exampleis the second commutator [A [B, DYH ]]
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which can be written

[A7 [B7-DNH]]f = DNH[rm(A; z, °)Tn(B§ z, )f()]

n—1

o+ 3 (D (T) DN E a4 @, ) BR()]
e
+ 3 (=1 () DY Blrws (B; @, ) AP()f()]
N-1
+ 3> (e (l‘; ) D=k [ 4D BWf]
i=2 j+k=t . 3
¥ i , m___ M
. where m+n =N, j>1, k> 1 and (k) = TR =R

The results and methods used in this paper closely follow those
developed by Coifman and Meyer in [6] and [7]. It appears 28 a natural
follow up to [7] and the notation and organization have been chosen to
be as consistent as possible with it. : ’

Tet a;€, §=1,...,n, feS (& is the space of functions which
are 0% and rapidly decreasing). Let o: R""'—(C be bounded and measur-
able. Assume a = (a;,...,0,)€R", seR and (a,8) = (ay, ..., a,, 8)

& R"'. We adopt the notation o(a, ) = o(ay, ..., a,, §), 4(a) = fj i;(a)
and da = ﬁrdaj. ’ =
‘ | Let l§:1= {(Bry ooy Pry Do) 1 < p; < o0 jén; (1/p) =1jg<1}. For
(D, Po) = (D1) -+ Py Do), We define »

I#r0) — {(a,f): a; eLP,-j =1,2,...,n, f L},
and : ’

”(aaf)”(p,po) = {ﬁ ”aj“pj} “f”Po'
F=1

Using the above notation and assumptions on the functions ay, f
and o we make the following definitions.

{1.3) DEFINITION.

1) To(a, @) = [ ema(a,s)a(a)f(s—jaj)dads.

R7H1

| i )
(2) For (p, po) € Py, D, (1/m)) = <L
, j=0 .
Mn(p’ pO) = {U: “Ta(a’ﬁf)”q < 0”(“7 f)”(_p,po)}
M, = (. Mu(p,po)-

(2:P0)e Py,

and




.where ¢,
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The function o will be called the symbol of the operator T,. .
For g(x) a function (z e R') with m> 1 derivatives, we define the

Taylor series remainder operator
m—1

E™.g(@) = g(s—a) Z

k=0

g(k) 8)

We let R?,g(s) = g(s—a).
Ifmv=(m1,...,m)eZ 0<m, acR"” and ¢ has |m| = me de-

j=1
rivatives, we denote the n-fold composition of Taylor series of ¢ by

R{™,g(s) = B™, . R’ﬁgng( ).

Let
R{™,s™ sgns

n
[1a7
j=1

The operator T, will be called a commutator of order |m|. We note
that if m; =1 for j =1,2,..., n, then the operator T,, is the nth com-
mutator treated in the papers of Coifman and Meyer [6] and [7]. (The
order of the operator T, does not have the same meaning as the order
of a pseudo-differential operator.)

The main results of this paper are the following theorems.

TeeorEM I. If ay,...,a,€%, then

T (@3 )l < Il [ ] Vel
j=1

wm(a7 ‘S) =

n
where 1 >1/g = > (1/p;), 1<p; < 00,5 =0,1,...,n

j=0
TEeorREM IL. For a; e 2 (0% functions with compact support), a; =
(m;) d\"™ ' |
.A.j 1 = 'a; .AJ-, and
mj—l
AP (y) (2 —y)*
Tay(Ay3 @, 9) = Ay(0)— D) ST

k=0

@4 p”fn{ (— y’”ﬂ)}(z(—yf)y)dy

=0, [ € wp(a, $)a(a) fls—

o

a~) da ds

7
1

I

(—tm)(—1)™
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THEOREM III. We define T7 (a, f) = TTv»"(a,, ..., a,) by

T A5 @ y)} 1)

T a, f)(z) = U @e—y)™ [o—y

dy

lz—y|>8 j=1
and let

T3 (a, f)(z) = sup 1T5 (@, f) (@)

Then, for 0 < g << co

fiTm(a,f)(m)wdmcff[ﬁa;*(m)]f*(m)}q dav

where a; s the Hardy—Littlewood maximal function of a.
§2. An P estimate for smooth functions. We defined the order

of the symbol w,, to be |m| = Z’mj where m = (M, ..., m,) € Z" and
0 < m;. The proof of Theorem 1 is 1by induction on the order of w,,.
To clarify the induective hypothesis we make the following obser-
vations. , _
(1) Let o(ayy...,0,,8)eM,. Then if t(agy ..., a,, B, 8) = o(ay,...
vy Opy 8), T eMn_H.
(2) If o e M, then R ;0(ay, ..., a,,8) = 6(ay, ..., @y, $—p) € M, ;.
(8) The zero order symbols are those w’s of the form R_al R‘_’_ansgﬁs
= 8gN(s —0oy —... —a).
Applying observatlons (1)-(8) and the fact that H| f (s) = (—im)sgns f(s)

where Hf(x) = p.o. f ——fiyl dy, we see that the zero commutators

areofthefmm[. a|[H (f H aj]eM

The mductwe hy'pothes1s 1s the following: for @ = (ml, ceny Wg) € Z’T,
0 < my, and |m| < |m|—1, the symbol w;; € M;. From observations (1)~(3)
it is clear that we need only show that the inductive hypothesis implies

ki
w,, € M, when m = (my, ..., m,) eZ" 3 m; = |m| and m; > 1.

=1
The symbol
B sB™L .. R’L‘gns"”' lsgns
CU,ln =
.
.H o
J=

is introduced and it is shown that w,, —@,, is a sum of lower order com-
mutators. It is enough to show that @, € i, .




I Muliilinear singular integrals 266

(2.1) DEFINITION. &% = {p: @(e%) e F}.
| (2.2) Lemma. For all ¢ €57, o e M,, and all integers j, 1<j< n,
‘ ¢(ls/a;))o(a, s) € M,.

Proof. For ¢ € &7,

p(@) = [ p(y)a™ dy
where p(x) = ¢(€®) € . Hence
o(lsig)o(a, s) = [ IsI” g "o (a, s)p(y)dy.

But [s[”” is a bounded multiplier with norm not exceeding (1-+[y|) 80 that |

the operator T g, has norm less than or equal to I @+ lelp (y)dy

where |lo|| is the operator norm of T',.

Since & is closed under the Fourier Transform, » € ¥ and we have
[=o]

[ wWIA+Iy)¥dy < oo for any positive integer N.

—

(2.3) Levma. Let v: R"'—>C be a measurable function. Let € be the
86t Of ¥ = (1, ..y 1,) Such that |a;|1 ... |a,'n7(a, s) € M,. Then ¥ is & con-
vex sel. .

" Proof. The proof is given in proposition 3 of [6]. Tts importance to
this paper is the following corollary.

(2.4) COROLLARY. Assume that w,. € M, for |m'| < |m|. Then for

0<6;<1 and D 6; =1, we have,
=1

My Wiy olml—1
BT ... R s sgns

n
[] e
j=1

Proof. The proof only involves the case §; =1, 6, =0forj =2, ...
. ..., m. The cases 6; = 1, 6, = 0 for k == j are taken care of by a symmetric
§ argument and the rest of the cases follow by convexity from Lemma
(2.3). Bo one must show

8 0
lag|™ ... Ja,l™

e M

n*

: R™ ... R™n g™~—1gong
{ _'al _ﬂn = _ y
L (2.8) iyl c M,

e M,, then sgna;o(a,s)e M,.
)

| —
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If my =1, let m' = (m,, My, ..., m,). Then

RB™ ... R™ ¢™~1gong

—a ” —

U“?"'

R™ ... R™ (s —a;)"™ ! sgn(s—a,) Rm2 ... BT s™~1sgng

a -

—ay —ay ~ ag

k3 n

Ex ik

Calling the first term ¢, and the seeond term o, we see that T, (a, f)
=aT,, (a,f) and T, (a,f) =T, (a,af). Both T, and T, satisfy
Definition (1.3) and so they are bo_th in M,.

I m,>1, let m' = (m,, ..., m,) as above and let m" = (m;—1,
Mgy ..., M,). Then once again,

1 m, mf—1 oo m u m tml—~1
B ... Rl & Sgn s E™, R™, ... RTu s sgns
ay -y

1] Mg a';"d“l n a;nj

(Im] —1)! R’L’Z2 ... BT s™lsgns
[[ a7

. j=2
The first term is the symbol of the operator T, Aa,f) and the second
is a constant times the symbol of T, .(a, a,f). Both of these are com-
mutators of order lower than |m| and 50 satlsfy Definition (1.3) by in-
duction. This proves the corollary.

(2.6) LeMMA. B, — 0, € M, where

sR™, ... B s™~lggns

"-(11 l‘l

T

Proof. Lemma (2.6) follows from the following identity. For qo( )
a function with |m| derivatives,

(2.7) R™_ ...R™ sp(s)

- - an

—(—1ym

{(m,—1)!m'{!

Wy =

1

= sR™ ... R"™n p(s)— V’aRm1 .o RSV R 0(s).

—aq M ~a
F== 1
Hence,
m] ;-1 My, o imi—1 n
- . v R ... RYS ... BT s sgn.s
m— “m ) n o
_-J ms—1 my
i=1 afi™t [] a
LES)
=1

and all of the terms in this sum are in I, since they are the symbols
of commutators of order less than |m|.




§
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(2.8) LeMMa. Let n € CF where n 48 even, non-negative, at most one
and satisfies n(t) =1 for t e [—n, n] and n (1) = 0 for t ¢ [ —2n, 2n]. Then
n
@pla,8) [T (X —n(s/e)) =0.
' j=1

Proof. If 1 —n(s/a;) ;é(j for all j, then |s] > n|g| for all § and so

jed j=1

sgn(s — > a;) = sgns for any subsetJ of {1, 2, ..., n}. Thus [] (1 —n(s/ay))
7 0 implies that ‘ )

m)

R R gimi=t
— e
Wy (a, ) = ssgns — = (.
[ o
i=1

Proof of Theorem I. To prove Theorem I it suffices to show that
o, € M, since by Lemma (2.6) @, —w,, € M,. From Lemma (2.8),

Bnla,8) = ~ X (~1' [ [ n(s/a)ma(a; )

Jeg, jed

kwhere Fo is the set of non-empty subsets of {1, 2,...,n} and |J| is the

number of elements in J. If we define

wyla, 8) = [[1(s/e)Tpla, s),

) jedJ
then
R™, ... R stmi-lgeng
Y N % ~°n
wy = sgus {[ [ ntislenisf o H[ [ ] 1osp] .
mz.

jed jeJ Hakk

. ’ k=1
- Let
i . BT, ... BRI} s™tssgns
ar =\[[ ] 11 T
2.
jeJ 17 akk
. k=1

Then @, € M, by Corollary (2.4). @; [] n(is/a;l)ls/e;"! € M, by Lemma
jed .

(2.2) and the fact that /7!y (1) € ¥ Finally, suunming up the J’s we get
that @,, € M,,.

§ 3. The fundamental identity. The purpose of this section is to
show that the operators considered in §2 can be realized as singular in-
tegrals if enough regularity is assumed on the a;’s and f. Specifically, for

n
€9, =1,2,...,n, fe2, m =(my,...,m,) and N = Y m;, T,

i=1 m
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n
=DVH[]] Tm;(4s3 @, 9f()} and this operator is given by
j=1

1 - Ty (435 2, 9)Y Fly) (—dm)(—1)™
vafg{ @ } dy where ¢, =————"—,

— )™ x—y " lm|!(2m)"
(3.1) LieMwA, Assume g € D and x € K. .
(1) If N is a positive integer and g(z) = ¢™(x) =...= g™ V() =0,
then
a\v oy g9(y)
o () fow [29 g} _ (aprwipe [ 59 gy,
62 (5] fpo 22 ) = (1T [ I

(2) If &, N are positive integers with k < N, then
(3.3)

ok __1)e N-E
(i)N{M sw)@—y* 1 _ (1) N!(d) fpo. [29) )

o @—y) T @ —wm\@w, Ty

Proof. Choose M > 0 large enough so that the interval [ —M, M]
contains the snpport of g. Let € & be an even function where 0 < 5(f) < 1,
n(t) =1 for te[—4M, 4M] and #() =0 for t ¢ [ —8M, 81]. Let (%)
= n(t/k). For k> 1 we clearly have for z e [ —2.M, 211 ]

P'”'f i(_y; dy =f gh'(ym)zz(mlnk(m—y)dy.

By differentiating N times and letting k—oo we get the formula

N L) j

g7 (@) (y —»)
i\ o) o g(y)—jgl———j—!——J
h— JUa —_ ——l ! m y .
(dm) {p’vf(a‘,‘——y) :I/I ( ) £ aioo[x—;|<6 (w___y)N—}—l i y

It g(w) = ¢V @) =... = g% V(o) =0, formula (3.4) yields

o) — @ty )T
) 1
Hm f \4\73;:] dy = ‘Ip'ru' f ___M_ dy

N+1
_._/l —_—
d—0 (=1 <6 ("'U Y) (‘T' ?/)

which establishes (3.2).
Applying (3.4) to the function ¢(y) = g(y)(w —y)* (where k, N are -

positive integers with & < &) establishes (3.3).
(3.5) Remark. Assume 4., ..., 4, €5. Then

d N
(d—y) [ ] s @, 9l = 0

=1
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M-ﬂ
3

for ¥ =0,1,..., |m|—1 where |m| = e

that

j

Remark (3.5) and Lemma (3.1) s

il
gr

n

DmA[[ [ 1455 @, 2f0]

=1
= __1)|ml iml! p.. ]" ‘ ‘{7‘177,].(-44]'; z, Y) } fly)
- «""’,‘?/)mj z—y

%

i=1

- (3.6) Lemya. Assume fe D, Ay, ..., A, €. Then

n

3.7 ¢™a, R s™sgnsd (o) f (s — E a]) e dads
Rnil ( =1 )
T [y s3 @ y)} @)
= P.0. d
Lo fj.Jl (z—y)™* | o—y

( where C,, is as in Theorem IL.

i Proof. To show this we introduce some multiple index notation:
| F = set of subsets of {1,2,...,n},

' J’ = complement of J in {1,2,...,n},

|J| = number of elements in J,

ky = (Ryy -, k;) where J = {jy, ..., ji} and J, <J. <...<Jj,

Ky = {2 0< Ty <my —15...5 0k <my, 1,

Eyl =T kb Byl

kg = 7“11+ +...+k g ?

[ k
gR(a) = ¢S (o)

Using this notation we have the expansion for any g €&

|
| Pl 5
i

- \] e ’ ’ »
(3.8) -R?’-r—")a)g(s) = Z 2 ‘—Ti_ ( —'aj)]:"
JeF kjeK ; g jeJ

For a € R*, © ¢ R, we use the following notation:

=[] 4;(e),

jeJ
AP () = | [4F9 (@)
jeJ

and

R da = [ [aa.

! jeJ

|
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With this additional notation, setting g(s) = s sgns and using (3.8)

n

(3.9) f RI™, s™ sgns  (a)f (s — 2 a,.) A dads

Rn+1 jel
lml =ik gl +1J sl

_  (—1)mi g ' AL AR {'emx

e . !
o (=iw) (Im| —ik0)t )
) mi—teyl .
% [z (s—zaj)] (—ém)sgn (s—zaj)AJ,(a)daJ, x

R jed jed

AED " (q) "

X f—{#f (S—Zaj)(last.
RIT] ch =1

Integrating in ;. the inner integral equals

(%
) (QW)IJI[fA 7 ( —_ va)
\ %0 < )
jed
Integrating next in a; we get the middle integral is equal to

&)
@2m)" {AJ'D'ml—'kﬂH(fA ’ )} ().

oy !

Integrating in s and using Lemma (3.1) and Remark (3.5), the right-
hand side of (3.9) becomes

v ZM(_ Wi H_A () D]mIH,lf( H A“ )() ((v——)kj}(iv)

~ —17T k.l
Jesg kjeKy jeJ 7

ﬁl g3 @, 9)
,y)|m|+1

—-@'m'Cmp@J
Proof of Theorem II. Let

fly)dy

. . R(m) jm) . ki
10 =, [ e ,ﬂ A<a)f(s- D) dads.

Rutl n (ta;+ i=1
z tmj—l
I i@ =¢ [ [ ... [ as)eds, then Aje# and 4j(a)
= (,,;;jf{e))mf' Applying Lemma (3.6)

(e —y) |w—y

n (T (AL B, 9) |
I(e) =p.v.fn-{ ! . | f@) dy .
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n

(@, N(@) ={[] & @)} (@)

j=1
Next define the truncated operator

TP(e, f)@) = [ twle, 9)f(y)dy

|z—yl>e€
where

o) = [[ 2D e, @) = s T, P @)

w2, Y) = P an v (a x) = sup |T(a,f) ().
’ z—yid (w—y ’ i ’
We are now ready to state the principal result of this section.

(4.1) PROPOSITION. If a;€ L' for j=1,...,n, fel, then there
ewists vy so that for v < y,,

@: TP(a, ) (@) > 2, (a, /)™ (@) <yl < o™ Ho: TP(a, f) (@) > 4.

{The notation |x: “...”| means the measure of the set x such that “...7.)
Theorem 1 will follow as an immediate consequence of Proposition
(4.1). The proof will be given in a series of lemmas, following closely the’
real variable methods nsed by Coifman and Meyer in [5].
(4.2) Levwa. If lo—yl>e, |m—o,] << e/d, then for =z, e(r—e/4,
x+-€/4) we have the following estimates.

a(*)(xz) | -,

(2) (@5 ¥) =t (@1, )L < 0 PR
(b) | (@ 9) —t(es, 1)1 Ay < o(a, P (@5)]
le~yl>e
and for |y —y.l < Fle—yl, [y —val < }lz—yl,
* |y — ¥l
(C) ,tm(w1 :I/) —tm(ma yl)} < ca(*) (f‘/z)m'
Proof.
m(w7 y)_ m\ %1, Y "3=1 7mj( 55 T, :1/) W (fvl——y)"’”“
n
1
+ W Z [7'1nj(Aj3 v, y) _"mj(Aji @y, Y)J ]Y Tm (Ays @, Y) X
j=1 k<j
X [anmk ('Ak; w17y)
k>3
lo — . o . |z — 4]
< (*) m .__—l_ + T —_— % .
< ea (@) = e D wa) - —o | [ k@)

j=1 k#3
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2 — ;|
@ —y[*

A standard argument tells us that for | —,| < |z —4],

< oa™ (1,)

|2 — | .
— f@)dy < of*(w,)
. [z —ui2

le—yi>2je—a5l

which implies part (b) of Lemma (4.2). Finally, part (¢) follows by the
same argument as (a).

Before stating the next lemma it is necessary to introduce a Hardy-

Littlewood maximal function and an appropriate multi-index notation.

For (a, f) = (ay, @,y ..., a,, f) define
1 B2
A,.,(a5) (@) _sup{ flaj(t)v’a‘dt}
Isxz ‘I‘I

and the corresponding multi-index notation

Ay (a n Ay, (4
Aip,py (@, [ (@) = Ay (a) A, () ().
(4.3) LuMmA. Assume (a,f) e P20, p,>1, j =1,2,...,n and
1< po < oo. Further, assume 0 < 6 < g where 1/q = 2 (1/p;). If T™(a, f)
i

satisfies the weak type inequality:
ey Plip,py) 1°
(4.4) @3 T™(a, f) (@) > 7] < c[__lu] ,

then the maximal function 1% (a,f) satisfies
TR (a, f)(») < ¢[45 (T™(a, [)) (= )+ A, py) (@, F) (@)]
and the same weak type inequality as in (4.4) is valid for T (a, f).
"Proof. Before proving Liemuma (4.3) we note that Theorems I and IT

n
imply (4.4) if Z(i) <1,1<p;< o and the a’s and f are (* with
7=0 149
compact support.

The lemma is proved for a4;eZ,j =1,...,n, feP and then it
follows from standard arguments that the lemma can be extended to
any (a,f) e L®®0, '

For ¢ > 0, let y, be the characteristic function of the interval [z —e,

x+ ¢). Let 7, € 2 be a function which is one on the interval [z —e, -+ e],
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less than or equal to one, non-negative and everywhere vanishing outside
the interval [#—2¢, 2 +2¢]. Then, for @, e [ —¢[4, v+ ¢e/4], we get the
identity

(4.8)  TMa,f)(@) = [[tnl@, §) —tn(@1, PIL —1.(9)1F(y) dy +
+ [ @y, NF@) Y — [ L0, ¥) 0. (@) f () dy +
+ [, 1)n.0y) — 2 (9)1f () dy
Taking absolute values, raising to the é power, averaging in #, over
the interval [z —e/4, -+ ¢/4] and taking the 1/6 power gives the estimate
(4.6)  |T™(a, f)(2)|

xtefld

< ci(a’f)(a) (2) +/1ﬁ(T’”(“’f)) () 4-sap (%

ex>0

1/8
\Tm(aﬂ?sf)(ml)ladml) }

x—Ejd
The (a,f)® () comes from the first and last term of (4.5) after
applying Lemma (4 2). That is,
| [Ttm (@, 9) =t (20, 9) T2 —m(y)]f(y)d?/[
< [ Jomd (1, P — 2N ]IF (W) dy < ela, /O (=)
and

| [ tno,0)ne0) 21 @)

|@ — @, |

< ca(t)(m) lﬁ_mz

2ex>lr—yi>e

\f)dy < ela, /) (z)

Both estimates are mdependent of x; and are left unaffected by
averaging in x,. :

To evaluate the second term on the right hand side of (4.6) we use
the fact that the usual Hardy-Littlewood maximal function is weak
type 1-1. If we set B, = {z: |[T™(a, f)(2)|™ > 4%, then

2
Bi<— [ 11m(@.f) 0)Pdo
K,

using Kolmogorov’s inequality
2
<'7ﬁ' ‘Eflﬁdlq ”((Z, f)”fp,po) .

Taking the 1/é power of both sides and simplifying we get

M@_}q

(4.7) 3, < { ;
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To evaluate the lagt term in (4.6) we nced to he a little caretul. We
let 1, = 1,(/2). Then 7,,(¢) = 1 for |t —x| < Z2e. If we adopt the notation
N2, = (N2l - -y e Gy), Bhen for |z, —z] < /4,

Tm(a7 77£f) (ml) = Tm(?hea, 77£f) (‘,'vl) M

Applying -Kolmogorov's inequality again (the weak type property is
guaranteed since 7,4, € 2 and 7.f € Z) we have,

T+ 8(4

9 . . 1/é (9 élq 1/6
2 _fM Pty ) <|Ze, (g) 020, 7.5 )
n )(1 z+4e ”Pj[ 1 x4+2¢ lllpo
[— . Dj j By Jt1
§GQ \ 8¢ m_fu ) dt} {4e z_‘gfe 76 dtl < g (@, D)
Since ¢ < 4, = Aﬁ(f)(w) (f)(w) we get the estimate

(T8 (a, f(z)] < 1 (Tm (a, ) (= )"T‘A(ppg (a, f) (m]

The weak type estimate for Ty then follows from (4.7) and
(4.8) OBsErvATION. If Ty,..., T, are weak type (p;, p;) opemtm's

Cwith 1fg = Y (1fp;) and oo >p;>1 for § =1,2,...,m, then Hl ol
J=1 j=

satisfies the weak estimate of (4.4).

(4.9) Lemma. If (a, f) e L®P0, where 1/q —2(1/131) and (4.4) is

_’[=

satisfied for this set of p,’s, ihen there exist constants y, > 0 and ¢ > 0 so

that for 0 <<y << v,

(4.10)  |o: T¥(a, ) (@) > 22, Ag,pp(a, ) (@) < 72

< oyffe: T (a, f)(z) > 2.
Proof. {z: T¥(a,f)(z) > 1} = U I; where the I;’s are open disjoint

intervals, I; = (a;, ¢;+ ;) and T%( a,,f )(a;) <2 since a; ¢ 1) I.

J
It will suffice to establish (4.10) for each I since the I;’s are disjoint.
Choose an I; with a point # satisfying 4, ,,(a, f)(2) < y2. I I; contains
no such poil}t (4.10) is antomatically satistied. Let I; = (a; —28;, a;+26;),

o =12xgf (x5 is the characteristic function of the interval I;),

fz =f—fi.
For zel;, T¥(a, fi)(z) = T;:I(lfja7 ;;I-jf)(a:). By virtue of Lemma (4.3)
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less than or equal to one, non-negative and everywhere vanishing outside
the interval [z -2, ©42¢]. Then, for o, e [w —efd, x-+¢/4], we get the
identity

(45)  T™a, /) @) = [Un(@, ¥) —twl@, 911 ~n.()1f (¥) dy +
+ [l 9F @) Ay — [ tnl@n, v)7.(9)f () dy +
+ [ (@, ¥)n.(y) — 2. If () dy .

Taking absolute values, raising to the § power, averaging in #; over
the interval [# —e/4, v+ /4] and taking the 1/ power gives the estimate

(4.6) |T™(a, f)(z)|

x+eld

- 2 ) /&
< c{(a,f)( ’(:z;) +A6(T”l(a,f)) (m)—}-su%) (—; f (I (@,1,.f) (901)1"61'90'1) }
&= T~ Ed

The (a,f)") (z) comes from the first and last term of (4.5) after
applying Lemma (4.2). That is,

| [Tt (@5 9) — tm (@2, UL =9 1F () Ay |

< [ 1t (@, ) =t (@1, L — 2.9 1F () dy < e(a, HNa)
and

| [t )01 0)~ 2.0 )y

< Ga(-) (w) ‘w_wll

26> jz—y[>e

oy Ty <ole, H@).

Both estimates are independent of x, and are left unaffected by
averaging in . ‘ ‘
To evaluate the second term on the right hand side of (4.6) we use

the fact that the usual Hardy-Littlewood maximal function is weak
type 1-1. If we set B; = {z: |T™(a, f)(2)* > 1%, then

2

Bl < [ 1T™a, @) de

B, .
using Kolmogorov’s inequality
2

< 75‘ {E[l_wq ”(0) 4 f) “?p,po) .

Taking the 1/6 power of both sides and simplifying we get

(4.7) B, < {

2 ”(a’i f)”(p,po) 2
T
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k(2
we have for 1/¢ = 2 1/p;),

(411)  |w el TR (xga, 25.0) (@) > Al < c[ Wty @, 22, o 2o ]q

BA
no (1 . § y 1y _ Jo{ ]1/p0
c[g le[I/J’Li‘ |I_]| “f [a/k(t)‘]kdt} :”:’Ijlm l\ _T I T{ [f(t)lpodtj' ]
- (llpj)
l‘Af"T’o)af( |I\J— lq

<0(7 /lf ql ,‘
'EDI bhe.]z Izblb

(4.12) T3 (a, fa)(2)] < |T’€”(a,f2)(m)—Tf‘(a.fz)(a-)\+]T’"(a Fe)(ay)]
<At [Tinlo =) —tuley, )1 (9) dy |+
LZj:E +€
. ] [t (2, ) ife (y) | dy + f (2 N (y) dy

<ite(a, )F(2) < Aoyl

The estimate for the first integral in (4.12) follows from Lemma (4.2).
The estimate for the second and third integral follow from the obser-
vation that

¢ (<o 0
X, i = C .
im(‘j‘7J)l C‘Iji_i—e

Combining the f; and f, estimates,
@ eIz I™(a, fi) (@) > 24, Ay (@, f)(@) < vA|
L lzwel;: THa, fi)(e) > A1 —ey)|+
o e I;s Te(a, f2)(#) > A(14-¢p)|
< eyl (L =o)L

Since the constants ¢;, ¢ are independent of the choice of I; we can add
the estimate for each interval to establish (4.10).
(4.13) COROLLARY. [ |T%(a, f){x)1do < ¢ [ | Aip,pg) (@) F) (@)% dw for any
0<q. )
(4.14) CoOROLLARY. For aeL™ (ie. a;eLl® j=1,...,m) and
fel™ p,>1, 7
VL% (@) g, < ¢ lltliooy 11T,

n
where (@l = [] ol -
j=1

Corollary (4.13) is the standard result of a good 72 inequality (see
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remarks at the end of this section). Corollary (4.14) follows from the fact
that any function in Z* is locally in L” and the fact that 4, (f) (%) < ||fll.-

To finish the proof of PI‘OpOSlthll (4.1) we need one more lemmzh'
which extends the range of p’s.

(4.15) LeMma, If a; e L for j =1,2,...,n and fe L, then

| (s Flla, 11/(”+1)
}

@2 1™(a, ) (@) > 2 < 0 |22
\ 3

where (@, ey = !IY'lal bl -

Froof. Theprooﬁ consists of showing the following. For any j= 0,1,
vy 0y laally = Jlaglly = ... =gl = liflh=1and g, = ... = H%Hw—l
then

_ _ e
(4.16) jw: T”’(a,f)(w)>l[<m.
Choosing j = » and using the multilinearity of ’T”"(a f), (£.16) will imply
the lemma. We proceed by induction.

Firgt, the estimate (4.16) is valid for j = 0 (i.e. for all the a;’s in L*)
since by Lemma (4.2)

* [y — Yl .

()~ (@, 92)] < 06D ye) T T for oyl >2iy =y,
and T™ is bounded in L2 as an operator acting on f whenever all the
‘ay’s are dn L, By a standard Calderén-Zygmund argument as given in
[9] we geb that T™ is weak type 1-1 as an operator on f.

Next assume (4.16) is valid for 1,2, ...,j—1 and assume |al;= ...

o= lagly = Ifl: =1 and Ja; ;e = ... = 6.l = 1. Let 2 = {2: af ()
> YU+ Tt follows that @ = UI,U and a; = g+b where
&k

(i) The I,’s are open and disjoint.
i) 3 |I,| < o240,

I

(111) ]Ikl f ‘aj(t),dt<),'1/(j+1).

(iv) lg(=)] <7~W+”-
(v) b = %’ b, where b, is supported in 7.

This follows by defining g by

[aj(w), x ¢ L,
gl@) =7 1
l—i}k—llf a;(t)dt, wel,
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and defining b = a;—g. Then if y; denotes the characteristic function
of the interval I, we define by = by, .
Let y,, be the center of the inetrval I, and let 2I, denote the interval
-which is twice the length of I, and also centered at .
v For « ¢ 21, we observe:

1) Ubk(t)(w 5t)mdt.< 2 | — g™ |, AV
v

b i< { f |a |dt} < 2AVU+1)
JIk f 2 1T

(2)  T™(agy ooy Gy Upy @, RS a’n?f

7—1 7 .
. \Ik| AII(J+1)
< ¢ (4 illoo 1) dt.
cga (m)iﬂ D i ka!f( )

11|
Lif~ ZIILIZTVD—JL\Z f[f(t)ldt

satisfies the following wealt type estimate:
When felt,

(4.17) 0 ¢ 20 If(a) > 2 < olfl/ -

This follows from using Fubini’s theorem to get

da '
|Lf(w)|dw<2flf(?/)l{[1kl f m}dy

zeJ21y, %Iy wtjely,
B ! B

0 f F@)ldy < el fll.

since

(3) The map

This strong type result implies the wealk estimate (;1.17). Putting (1), (2)
and (3) together we see that for « ¢ U 21,,
| T (@1 ooy @1, by @y oy By, ) ) ca, (@), ...,a]* 1 (@) MO DIf (@)

So we have the product of j operators which are all weak type (1, 1) and
the functions a,, ..., a;_;, f all have an L* norm of one. This implies that

{4.18) }m¢=Lk)2Ik: T™ (g ovy G5y By Gy ooy @, ) () > A
<lze U 21,0 cal (), ..., aj_y (@) Lf(z) > 0|
< G/All(j-}-l)'

This follows from observation (4.8) about weak type estimates for the
product of weak type operators.
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We next use the induetive hypothesis to make a weak type estimate
for g¢.

(4.19) j@: T (@yy ooes @iy 0y Bjgny ooey Gy ) (@) > A

T “”"IWw

< offlgllo /AT < o2H0FY

Since llglle < A1) we have
(58) There is

(4.20) | U 2T, < 2121 < /216D,
k

Al
Ay naf)(“? “T’

Putting together estimates (4.18), (4.19) and (4.20) we have shown
l: T™(a, f)(z) > 4] < ¢/A+D,

It the L' and L™ norms of the functions are arbitrary, by dividing
by the appropriate norms and using the wmultilinearity of I™ we get the
estimate:

I+

ﬁwiiw_ilmm]
lz: T™ (@, f)(z) > A < cl s . J

In particular, for (a, f) e L%Y,

1{n-+1)
o I™(a, fi(z) > 2| < (’[“ @ Mo,y } " .

i

Proof of Theorem IIL. Proposition (4.1) theu follows by applying
Lemmas (4.3) and (4.9) to Lemma (4.15). In other words we have the
estimate:

[z: T8(a, f)(z) > ‘7)., (@, () < pAl < ey T a, f)(x) > A1,

Theorem III then follows by the following argument. If a; e L' for
j=1,...,n and felI! then (a,f)"(a) ~e/lo/**' as x—>occ. Hence
r[ (a f(") V¥dz = + oo for ¢ < 1/(n-+1). For g > 1/(n-+1), Lemma (4.3)
gumrantees the existence of I5 where '

N

v-quWwTWaﬁU>LW

N N

<oy [ Ao TP (a, f) (@) > Mdi+e 207w (a, O (@) > Al
n—f-ll—e +0 J‘[ a f ﬂ*) Jqdm

§ — Studia Mathematica LXVIIIL3
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Choosing y so that ¢y"™' < §, letting ¥-+oco and e~0 completes the proof
of Theorem IIL

By standard argumeunts Theorem III implies the following important
corollary.

‘ n
(4.21) CorOLLARY. For (a,f)e L#P, 3 (1fp;) = llg<n+1, 1<
i=0

Pe< oo, L<p;< o0, and TP (a,f) and Ti(a,f) the operators defined

in Theorem III, the following properties are satisfied:

(1) 175 (@, Nllg < ellla, N,y -
(2) imT7(a, f)(x) exists alinost everywhere.

e—~0
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